DUALS OF SOME OF THE CLASSICAL BANACH SPACES.
Let (X, B,u) be a o finite measure space and 1 < p < oco. Let p* be
defined by
4= =1
p p
(when p = 1 by convention this gives p* = co and if p = oo then p* = 1).
We say that p* is the conjugate exponent to p.
Proposition 1. With this notation let 1 < p < oo and let ¢ € LP"(p).
Define a map F: LP(u) — R by

F(f) :Z/ngdu-

Then F is a bounded linear functional on LP(u) and the norm of F is given
by
IEN = llgll e -

Problem 1. Prove this. O

Our immediate goal is to prove a converse of this when 1 < p < co. As a
first step we give

Lemma 2. Let (X, B, i) be a finite measure space and g € L*(u) such that
for some constant M
‘ / g dp

for all simple functions ¢. Then q € LP (i) and ||g|| 1 < M.

< M||| L»

Problem 2. Prove this. HINT: Let {¢,,}72; be a sequence of non-negative
simple functions that increase to |g[P". Set ¢, = (¢,)/Psgng. Then ¢, is

. . 1 i
a simple function and [|¢n|lr = ([ ¥n dp) ? But ong > lon|lthn/P" =
|9 |V/PHY/P" = 4, and therefore

/wn < /songdu < Mlignllr = M (/% d#> "

Use this to show that (f Un d,u) v < M. Complete the proof by use of the
monotone convergence theorem. O

Theorem 3 (Riesz Representation Theorem). Let (X, B, u) be a o finite
measure space and 1 < p < oo and let F': LP(un) — R be a bounded linear
functional. Then there is a unique g € LP" (i) such that

(1) F(f) = /ngdu
for all f € LP(p). Moreover || F|| = ||g]| 1»* -

We break the proof into smaller steps. We first assume that p is finite,
that is u(X) < oo.
1



Problem 3. For any A € B define v(A) = F(xa) where x4 is the character-
istic function of A. Show that v is a signed measure on B that is absolutely
continuous with respect to p. (Here absolute continuity of v with respect
to u means that both v+ and v~ are absolutely continuous with respect to

1) O

Problem 4. By the Radon-Nikodym Theorem there is a function g € L*(p)
so that F(xa) = v(A) = [,9dn = [ xagdp for all A € B. y linearity this
implies that

F(p) = /XAg dp

for all simple functions. Use this and Lemma 2 to show that g is in LP".
Then use that the simple functions are dense in LP(u) to conclude that (1)
holds for all f € LP(u). Finally use Proposition 1 to show that ||F|| = ||¢||z»-

Problem 5. Complete the proof of the Riez Representation Theorem by
showing that the case where (X, B, 1) is o-finite can be reduced to the case

that (X, B, ).



